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Abstract The meson masses are investigated at finite temperature in the framework of the
linear sigma model with an explicit chiral symmetry breaking term. The imaginary-time
thermo-field dynamics and effective potential have been used for the calculation of the me-
son masses. We found that the behavior of the sigma and pion masses at finite temperature is
in agreement with previous works. The critical temperature, the order of the phase transition,
and the dependence of the meson fields on the temperature are discussed.

Keywords The linear sigma model · The mean field approximation · Finite temperature
field theory

1 Introduction

The study of physics at finite temperature is very interesting from both theoretical and ex-
perimental points of view since the study has involves properties such as phase transitions,
blackbody radiation, etc. According to the standard big bang model, it is believed that a
series of phase transitions happened at the early stages of the evolution of the universe, the
QCD phase transition being one of them [1, 2].

The appropriate framework for the study of phase transitions is the thermal field theory
or the finite temperature field theory, a combination of quantum field theory and statistical
mechanics [1]. Within this framework, the finite temperature effective potential is an im-
portant and well-used theoretical tool. The use of such techniques goes back to the 1970’s
when Kirzhnits and Linde [3, 4] first proposed that symmetries broken at zero temperature
could be restored at finite temperatures. There are two main paths to study the chiral phase
transition, namely lattice QCD methods and effective field theories. Lattice QCD can tell us
many things about the phase transition, but cannot be used to study its dynamics [1]. Hence,
there is a need for models which do not suffer this restriction. The linear sigma model sat-
isfies these requirements, exhibiting many of the symmetries observed in QCD. The linear
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sigma model was first introduced in the 1960’s as a model for pion–nucleon interactions [5]
and has attracted much attention recently, especially in studies involving disoriented chiral
condensates [6–8]. The model with a SU(N)L × SU(N)R symmetry and two to four quark
flavors has been studied in the Hartree approximation [9–11] within the Cornwall–Jackiw–
Tomboulis (CJT) formalism [12], and the large-N approximation of the linear sigma model
has been investigated by using the same formalism in [13, 14]. In these works, the authors
attempt to investigate the degree chiral phase transition and the critical temperature. Hog et
al. [15] calculated the sigma and pion masses in the chiral limit of the linear sigma model.
The linear sigma model is extended to include the effect of chemical potential on meson
masses and the phase transition as in [16, 17]

The aim of this paper is to investigate the meson properties in the linear sigma model
with explicit symmetry breaking term at finite temperature. We used the technique in [15]
in which the linear sigma model is studied in the chiral limit. We add other investigations
such as the order of chiral phase transition and critical temperature and the effect of the
temperature on the dynamic of fields which are not calculated in [15] and compare the
results with other approaches.

This paper is organized as follows: In Sect. 2, the linear sigma model at zero temperature
is explained briefly. The linear sigma model at finite temperature is presented in Sect. 3. The
numerical calculations and discussion of the results are presented in Sect. 4. The comparison
with other works is presented in Sect. 5.

2 Chiral Quark Sigma Model at Zero Temperature

We describe the interactions of quarks with σ - and π -mesons by Brise and Banerjee [18].
The Lagrangian density is,

L(r) = i�∂μγ μ� + 1

2
(∂μσ∂μσ + ∂μπ .∂μπ) + g�(σ + iγ5τ .π)� − U(σ,π), (1)

where

U(σ,π) = λ2

4
(σ 2 + π2 − ν2)2 − m2

πfπσ, (2)

is the meson-meson interaction potential and �,σ, and π are the quark, sigma (scalar,
isoscalar) and pion fields (pseudoscalar, isovector), respectively. In the semiclassical or
mean-field approximation, the meson fields are treated as time-independent classical fields.
This means that we are replacing power and products of the meson fields by corresponding
powers and products of their expectation values. The meson-meson interactions in (2) lead
to hidden chiral SU(2) × SU(2) symmetry with σ(r) taking on a vacuum expectation value

〈σ 〉 = fπ, (3)

where fπ = 92.4 MeV is the pion decay constant. The final term in (2) is included to
break the chiral symmetry. It leads to partial conservation of the axial-vector isospin cur-
rent (PCAC). The parameters λ2, ν2 can be expressed in terms of fπ and the masses of
mesons as,

λ2 = m2
σ − m2

π

2f 2
π

, (4)

ν2 = f 2
π − m2

π

λ2
. (5)
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3 Chiral Quark Sigma Model at Finite Temperature

3.1 Meson Masses at Finite Temperature

In this section, we construct the effective potential of the O(4) symmetric linear sigma
model using imaginary time thermo-field dynamics as in [15]. In QCD with two-flavor
massless quarks, the chiral SU(2)L × SU(2)R symmetry is satisfied in the Lagrangian level.
But this symmetry is spontaneously broken to the SU(2)V symmetry, because the vac-
uum, i.e., the ground state of the field configuration, violates it. We can see this phenom-
enon in the O(4) linear sigma model because the O(4) symmetry has the same algebra as
SU(2)L × SU(2)R.

We first calculate the temperature-dependent effective potential in the one-loop approxi-

mation up an order of o(
m2

σ

T 2 ), o(m2

T 2 ) [15]

UT
eff = U(σ,π) + 7π2T 4

90
+ m2T 2

6f 2
π

(σ 2 + π2) +
(

m2
σ − m2

π

24f 2
π

)
T 2

(
σ 2 + π2 − ν

2

2
)

, (6)

where the first term on the right side is the contribution from the meson at tree level as de-
fined in (2), the second and third terms are from the quark loop, and the final term is from the
meson loop. The pion and sigma fields in (6) should be understood as the background fields
which satisfy the classical equation of motion. Since the chiral phase transition temperature
Tc is larger than m where m2

σ = (2m)2 + m2
π , when ν2 → f 2

π we will obtain in the case of
chiral limit (mπ = 0) the same results in [15]. By introducing the dimensionless quantities
x2 = π2

f 2
π

and y2 = σ 2

f 2
π

, the effective potential can be rewritten as

UT
eff = U 0(y2, x2)+7π2T 4

90
+ (mT )2

6f 2
π

((yfπ)2 + (xfπ)2)

+ m2
σ − m2

π

24f 2
π

T 2

(
(yfπ)2 + (xfπ)2 − ν

2

2
)

, (7)

the finite temperature vacuum can be defined by externalizing the effective potential as

∂UT
eff

∂σ

∣∣∣∣
σ=σ0(T ),π=0

= 0, (8)

or using the dimensionless variables
∂UT

eff

∂σ
|σ=σ0(T ),π=0 = 1

fπ

∂UT
eff

∂y
|y=y0,x=0 = 0, we can ob-

tain

λ2f 4
π y3

0 − λ2ν2f 2
π y0 + 1

3
m2T 2y0 + 1

12
m2

σ T 2y0 − m2
πf 2

π = 0. (9)

We obtain the sigma and pion masses as the second derivative of the effective poten-
tial [2, 15]:

m2
σ (T ) = ∂2UT

eff

∂σ 2

∣∣∣∣
σ=σ0(T ),π=0

= 1

f 2
π

∂2UT
eff

∂y2

∣∣∣∣
y=y0,x=0

,

m2
σ (T ) = 3λ2f 2

π y2
0 − λ2ν2 + 1

3
m2

(
T

fπ

)2

+ 1

12
(m2

σ − m2
π )

(
T

fπ

)2

,

(10)
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m2
π (T ) = ∂2UT

eff

∂π2

∣∣∣∣
σ=σ0(T ),π=0

= 1

f 2
π

∂2UT
eff

∂x2

∣∣∣∣
y=y0,x=0

,

m2
π (T ) = λ2f 2

π y2
0 − λ2ν2 + 1

3
m2

(
T

fπ

)2

+ 1

12
(m2

σ − m2
π )

(
T

fπ

)2

,

(11)

in the chiral limit (mπ = 0), we obtain

m2
σ (T ) = 1

12
m2

σ (18y2
0 + 4r2t2 + t2 − 6), (12)

m2
π (T ) = 1

12
m2

σ (6y2
0 + 4r2t2 + t2 − 6). (13)

Equations (12), (13) are compatible with the original work [15] where r = m
mσ

and t = T
fπ

.
For the definition of y0 and σ0(T ) for low temperature, we can define it as in [15]

σ0(T ) = fπ(1 + δ(T )), y0 = 1 + δ(T ). (14)

By substituting (14) into (9), we obtain

δ(T ) = λ2ν2f 2
π − 1

3m2T 2 − 1
12 (m2

σ − m2
π )T 2 − λ2f 4

π + m2
πf 2

π

2λ2f 4
π + m2

πf 2
π

. (15)

3.2 The Meson Fields in the Effective Potential

The Lagrangian density with effective potential is given by

L(r) = i�∂μγ μ� + 1

2
(∂μσ∂μσ + ∂μπ .∂μπ) + g�(σ + iγ5τ .π)� − UT

eff (σ,π), (16)

the sigma field is expanded around the ground state fπ

σ = σ ′ − fπ, (17)

we substitute by (17) into (16) we obtain:

L(r) = i�∂μγ μ� + 1

2
(∂μσ ′∂μσ ′ + ∂μπ .∂μπ) − g�fπ� + g�σ ′� + ig�γ5τ .π�

− UT
eff (σ ′,π), (18)

with

UT
eff = U(σ ′,π) + 7π2T 4

90
+ m2T 2

6f 2
π

(
(σ ′ − fπ)2 + π2

)

+
(

m2
σ − m2

π

24f 2
π

)
T 2

(
(σ ′ − fπ)2 + π2 − ν

2

2
)

. (19)

The time-independent fields σ ′(r) and π(r) are to satisfy the Euler-Lagrange equations,
and the quark wave function satisfies the Dirac equation. Substituting (18) in the Euler-
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Lagrange equation, we get:

�σ ′ = g�� − λ2((σ ′ − f )2 + π2 − ν2)(σ ′ − f )

− m2
πfπ −

(
m2

σ − m2
π

6f 2
π

)
T 2(σ ′ − fπ), (20)

�π = ig�γ5τ� − λ2((σ ′ − f )2 + π2 − ν2)π −
(

m2
σ − m2

π

6f 2
π

)
T 2π , (21)

where τ refers to Pauli isospin-matrices, γ5 = ( 0 1
1 0

)
.

We used the hedgehog ansatz [19] where

π(r) =↔
r π(r). (22)

The Dirac equation for quarks is [19]

du

dr
= −p(r)u + (W − mq + S(r))w, (23)

where S(r) = g〈σ ′〉,P (r) = 〈π .r̂〉 and W are the scalar potential, the pseudoscalar poten-
tial, and the eigenvalue of the quark spinor � , respectively.

dw

dr
= −(W − mq + S(r))u +

(
2

r
− p(r)

)
w. (24)

Including the color degrees of freedom, one has g�� → Ncg�� where Nc = 3 is the color
number and g is the coupling constant. The Dirac wave functions �(r) and �(r) are given
by

�(r) = 1√
4π

[
u(r)

iw(r)

]
and �(r) = 1√

4π
[u(r) iw(r) ] (25)

and the sigma, pion, and vector densities are given by

ρs = Ncg�� = 3g

4π
(u2 − w2), (26)

ρp = iNcg�γ5 �τ� = 3

4π
g(−2uw), (27)

ρv = 3g

4π
(u2 + w2). (28)

The boundary conditions for the asymptote at σ(r) and π(r) at r → ∞ are:

σ(r) ∼ −fπ , π(r) ∼ 0. (29)
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4 Numerical Calculations

4.1 The Scalar Field σ ′

To solve (20), we integrate a suitable Green’s function over the source fields as in [19–21],
thus

σ ′(r) =
∫

d3r′Dσ (r − r̀)
(

gρs(r̀) − λ2((σ ′ − f )2 + π2 − ν2)(σ ′ − f )

− m2
πfπ −

(
m2

σ − m2
π

6f 2
π

)
T 2(σ ′ − fπ)

)
(30)

where

Dσ (r − r̀) = 1

4π |r − r̀| exp(−mσ |r − r̀|).

The scalar field is spherical in this model as we only need the l = 0 term

Dσ (r − r̀) = 1

4π
sinh(mσ r<)

exp(−mσ r>)

r>

, (31)

therefore we arrive at the integral equation for σ ′(r) :

σ ′(r) = mσ

∫ ∞

0
r ′2dr ′

(
sinh(mσ r>)

mσ r>

exp(−mσ r>)

mσ r>

)(
gρs(r̀)

− λ2((σ ′ − f )2 + π2 − ν2)(σ ′ − f )

− m2
πfπ −

(
m2

σ − m2
π

6f 2
π

)
T 2(σ ′ − fπ)

)
. (32)

We will solve this equation by iterating to self-consistency.

4.2 The Pion Field π

To solve (21), we integrate a suitable Green’s function over the source fields. We use the
l = 1 component of the pion Green’s function. Thus

π(r) = mπ

∫ ∞

0
r ′2dr ′ [− sinh(mπr<) + mπr< cosh(mπr<)]

(mπr>)2

(
gρp(r̀)

− λ2((σ ′ − f )2 + π2 − ν2)π −
(

m2
σ − m2

π

6f 2
π

)
T 2π

)
. (33)

We have solved the Dirac equations (23), (24) using the fourth-order Rung Kutta method.
Due to the implicit nonlinearity of (32), (33), it is necessary to iterate the solution until self-
consistency is achieved. To start this iteration process, we use the chiral circle form for the
meson fields [19]

S(r) = mq(1 − cos θ), P (r) = −mq sin θ, (34)

where θ = tanh r and mq is the quark mass.
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Fig. 1 The solution of the
system of gap equations in the
case of broken chiral symmetry.
At zero temperature, the pions
appear with the observed masses

4.3 Discussion of Results

We concentrate only on the thermal effects and ignore the quantum corrections. It is im-
portant to examine the linear sigma model in the presence of the symmetry breaking term,
which is realistic and reproduces the quark mass.

In Fig. 1, we find that the sigma mass mσ (T ) monotonically decreases as a function of
temperature T . The observed mass (mσ = 600 MeV) at zero temperature is shown in the
figure and the pion mass monotonically increases with temperature T . At higher tempera-
tures of more than 226.33 MeV, the sigma and pion masses have the same masses, hence
the behavior is in agreement with the previous calculations in [1, 2]. They obtained the
massive pion mass (mπ = 140 MeV) in the presence of a symmetry breaking term at zero
temperature.

In Fig. 2, we show the order parameter  = (σ 2 + π2)
1
2 of the chiral phase transition

in the chiral limit where it monotonically decreases and is a single-valued function of the
temperature T ; therefore the order of phase transition is as a second-order phase transition.
This situation is similar to the behavior of the order parameter in the large N in the linear
sigma model as in [1].

In Figs. 3, 4, we examine the dependence of the sigma and pion fields on temperature T ,

which it has not been examined in previous calculations as in [1, 2]. In our work, we used
the same iteration method to calculate the pion and sigma fields in the case of the effective
potential as we used before at zero temperature as in [19–21]. In Fig. 3, the sigma field is
plotted as a function of distance r for different values of temperature T = (0,150,250) MeV.
The sigma field at the finite temperature takes the same behavior at zero temperature. The
increase in the temperature leads to an increase in the values of sigma field, particularly in
the range of r = (0.5–3) fm. In Fig. 4, the pion field represented by a P-wave function for
all the different values of temperature and temperature effects on the value of the pion field
are only present when the increase in the temperature leads to an increase in the value of
pion field. Furthermore, we study the effect of temperature on the effective potential. From
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Fig. 2 The behavior of the order
parameter as a function of
temperature in the chiral limit

Fig. 3 The behavior of the
sigma field as function of
distance r at different value of
temperature in the case when
chiral symmetry is broken

Fig. 5, we see the effective potential is a linear function of distance r and that the effective
potential increases by increasing the temperature T at a fixed of value r . This behavior is in
agreement with the work of Nemoto et al. [2] where they examined the effect of temperature
on the effective potential and deduced that the effective potential increased by increasing the
temperature T .

In Fig. 6, the order-parameter phase transition is plotted as a function of distance r for
different values of T = (0,150,250) MeV. We note that all curves show the same behav-
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Fig. 4 The behavior of the pion
field as function of distance r at
different value of temperature in
the case when chiral symmetry is
broken

Fig. 5 The behavior of the
effective potential as a function
of distance r at different values
of temperature in the case when
chiral symmetry is broken

ior from zero temperature to finite temperature where the order-parameter decreases in the
range (r = 0 → 0.7) fm and increases in the range (r = 0.7 → 3.0) fm. We note that the
temperature strongly affects the values of the order parameter where an increase in the value
of the temperature leads to a decrease in the value of the order-parameter. In this work, we
calculate the critical temperature Tc . From [1, 2], we can define the critical temperature as
the value of the temperature where the sigma and pion masses have the same effective mass.
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Fig. 6 The behavior of the order
parameter as function of distance
r at different value of
temperature in the case when
chiral symmetry is broken

By solving (10), (11) numerically, we can obtain the value Tc = 226.33 MeV as seen in
Fig. 2 where the order-parameter crosseds the temperature axis at 226.33 MeV.

5 Comparison with Other Works

The finite temperature in the linear sigma is widely studied in many works such as [1–3] so
it is important to compare the present results with other approaches.

Petropoulos [1] found the phase is a first-order phase transition in the chiral limit
(mπ = 0), but the limit for large N is taken in the CJT approach, the result is a second-
order phase transition; therefore the last result is in agreement with the present result at the
large N limit. He calculated a critical temperature equal to 131.5 MeV. We obtained a criti-
cal temperature Tc = 226.33 MeV. The difference in the two values depends on the loops in
the effective potential. In addition, the lattice QCD calculation shows that chiral symmetry
is restored at approximately T = 100–300 MeV [2].

Nemoto et al. [2] used the Cornwall-Jackiw-Tomboulis (CJT) effective potential where
they defined the meson mass as the second derivative of the effective potential which as
done in the present work. The critical temperature was calculated to be Tc = 230 MeV,
which agrees with our result of Tc = 226.33 MeV. The first-order transition takes place in
the O(4), but if we take the large N limit in the CJT approach, the result is the second-
order. In [22–24], the phase transition was predicted to be a second order phase transition
based on the argument that the linear sigma model belongs in the same universality class,
which agrees with our result. Arnold and Espina [25] stated that the order of phase transi-
tion depends on the loops which represent the effective potential, hence the order of phase
transition can not be trusted. In comparison with Hong et al. [15] where they calculated the
sigma and pion masses in the chiral limit only, we added more investigations in the presence
of the symmetry breaking term in the O(4) and examined the order of the phase transition.
Furthermore, we examined the effect of temperature on the pion and sigma fields and the
effective potential which was not calculated in [15].
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In the work of Chiku and Hastsuda [26], optimal perturbation theory is employed in
order to perform the calculations. They obtained gap equations for the effective masses
which go further than our Hartree approximation. They included quantum fluctuations as
well. So we can not compare our results in full. However, they did not calculate the effective
potential. In the work of Caldas et at. [27], a first-order phase transition in the chiral limit
was shown.

In the previous calculations as in [1–3], the effect of temperature on the pion and sigma
fields was not calculated and hence we investigated these points in the present work.

6 Summary and Conclusion

The chiral phase transition and sigma and pion masses are examined in the framework of
linear sigma model in the presence of a symmetry breaking term. From the results, we
summarize the following points

• The critical temperature is calculated to be equal to 226.33 MeV, which agrees with pre-
vious calculations as discussed in the section above.

• The order-parameter phase transition is investigated which is second-order in the chiral
limit.

• The pion and sigma fields and the effective potential are examined respect to temperature.
These are not calculated in previous calculations as in [1, 2, 16].

• The gap equations are constructed directly from the effective potential as in the original
work [15] and the accuracy in the results are assured.

• We extended the iteration method which is used at zero temperature to describe the be-
havior of the fields at finite temperatures.
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